Using first-order perturbation theory and deformation potential approximation, the interaction of electrons and holes with acoustic and optical phonons is investigated in silicon nanowires ͑SiNWs͒ with different diameters and crystallographic axis orientations. The electronic band structures for ͓110͔ and ͓100͔ SiNWs are obtained from a sp 3 d 5 s ‫ء‬ tight-binding scheme, while a continuum model is assumed for phonon dispersion. The influence of confined and bulk phonons on carrier transport is investigated.
I. INTRODUCTION
Silicon nanowires ͑SiNWs͒ hold a significant potential for the continued successful scaling of semiconductor devices, and could play a critical role in future electronic and sensor applications. The band structure, and therefore the electronic properties, of SiNWs vary vastly with their physical structures, [1] [2] [3] which in turn requires a detailed characterization of all of them. Recent experimental work 4 suggests that the growth of freestanding small diameter ͓110͔ SiNWs ͑Ͻ10 nm͒ is thermodynamically favorable. Our recent work 5 suggests that acoustic phonon limited hole mobility in these dimensionally reduced structures significantly exceeds that of electrons, as well as acoustic phonon limited hole mobility in bulk silicon. At room temperature, hole carrier mobility in bulk silicon is however also influenced by optical phonons. 6, 7 Therefore there is a need to explore the effect of optical phonon scattering on hole transport in small diameter SiNWs. Concomitantly, it is also important to undertake a comparison of low-field mobility calculations among SiNWs of similar diameters, but with different crystalline orientations and surface boundary conditions. This is because while many researchers have computed the low-field mobility of different SiNWs, [8] [9] [10] [11] [12] [13] [14] a comparison becomes difficult because of different models utilized. A significant majority of calculations have been undertaken for electron transport in nanowires [12] [13] [14] [15] [16] [17] [18] [19] with emphasis on acoustical and polar-optical phonon scattering by ignoring real band structure effects. Simultaneously, to date there are limited data available for hole transport in small diameter SiNWs. 5, 20, 21 Investigation of hole transport in these structures in itself requires further detailed investigation because of recent experimental results that show an enhancement of hole mobility. 22 In particular, calculations should include detailed band structure and intersubband coupling between the relatively closely spaced valence subbands, as well as confined and bulk phonons. Confined phonons correspond to phonon modes in a wire of diameter equal to the diameter of the SiNW. Bulk phonons correspond to phonon modes in bulk silicon. This is further illustrated in Fig. 1 In this paper we present results on charge-phonon ͑acoustic and optical͒ interaction for SiNWs with different diameters, axis orientations, and boundary conditions. In particular, ͓110͔ and ͓100͔ axially aligned SiNWs are discussed and their phonon limited charge low-field mobility evaluated utilizing confined acoustic phonons under freestanding and clamped surface boundary conditions ͑FSBC and CSBC, respectively͒, as well as bulk acoustic and optical phonons. The band structure for the SiNWs is computed using a sp 3 d 5 s ‫ء‬ tight-binding ͑TB͒ scheme. Carrier-phonon momentum relaxation rates are computed using first-order perturbation theory and deformation potential approximation. In computing all relaxation rates, electron and hole TB wave functions are employed. This paper is divided into various sections. Section II A describes the method used to obtain the band structure, and the electron and hole wave functions. Section II B describes the method used to compute confined acoustic phonon dispersion. Section II C describes the evaluation of the momentum relaxation rates through bulk and confined phonons. Section III presents results on electron and hole low-field mobility values. Finally Sec. IV draws conclusions from the work and results mentioned.
FIG. 1. Physical picture of ͑a͒ confined phonon box and ͑b͒ bulk phonons limit. r a is the radius of the corresponding equivalent cylindrical box for confined phonons and electrons for ͑a͒, in case of ͑b͒ r a is the electron confinement box, r b is the radius of surrounding phonon box ͑in our case it is 32 nm͒. Note as r b → ϱ, we reach bulk limit.
II. METHODS AND THEORY

A. Band structure
The band structures for the hexagonal cross-sectional ͓110͔ and ͓100͔ SiNWs are obtained by utilizing the semiempirical sp 3 d 5 s ‫ء‬ TB scheme, 23 where interaction with first nearest neighbors is considered. Within the TB scheme, all Si dangling bonds at the edges are passivated with hydrogen atoms in order to eliminate unphysical surface states. The TB parameters for the Si-Si bonds and for the Si-H bonds are obtained from Refs 23 and 24, respectively. Figure 2͑a͒ shows the first few conduction and valence subbands for a 2.47 nm diameter ͓110͔ SiNW, while Fig. 2͑b͒ shows the conduction and valence subbands for a 1.5 nm diameter ͓100͔ SiNW. The band structures thus obtained 5 are in agreement with Ref. 3 . For the ͓110͔ SiNWs under consideration, the electron effective mass at the bottom of the first conduction subband is seen to increase with diameter from a low value of 0.167m 0 to 0.185m 0 , where m 0 is the electron rest mass. The electron effective mass for the lowest conduction subband in ͓100͔ SiNWs decreases from 0.6m 0 for a 1.0 nm diameter SiNW to 0.326m 0 for a 2.65 nm diameter SiNW. A comparison in electron effective mass between ͓100͔ and ͓110͔ SiNWs for the lowest few conduction subbands can be made from Fig. 3 and Ref. 5 . As the diameter of the SiNWs is increased further, the electron effective mass is expected to reach a value of silicon bulk transverse effective mass for both classes of SiNWs. Moreover, from the band structure calculations, ͓100͔ SiNW hole effective masses for the top valence subbands are also seen to be greater than the ͓110͔ SiNWs of similar diameters.
As also seen in Fig. 2͑a͒ , in addition to the conduction band minima at k z = 0 point, there are four additional satellite minima at k z Ϸ Ϯ 1.22 / a, where a is the lattice constant for bulk silicon. The presence of these minima can be qualitatively understood in terms of mapping four equivalent minima in bulk silicon in ͓100͔ and ͓010͔ directions on the ͓110͔ direction. Within the bulk Si first Brillouin zone ͑BZ͒, there are six equivalent conduction valleys in the ͗100͘ directions. In confining bulk Si to a SiNW, two of those valleys lying on the axis normal to that of the SiNW give rise to the central minima, while the remaining four give rise to the satellite valleys observed in Fig. 2͑a͒ .
The electron and hole wave functions within the TB scheme for the SiNWs are given by
where summation over n means summation over all unit cells, a l is the SiNW lattice constant ͑a l = a for ͓100͔ SiNW and a / ͱ 2 for ͓110͔ SiNWs, where a is the lattice constant for bulk Si͒, is the subband index, k z is the electron wave vector along the SiNW axis z, r is the radius vector, N is the number of unit cells, m represents orbital and location, m is the location of atom within the unit cell, m are orthonormal atomic orbitals, c are expansion coefficients whose values are obtained within the TB scheme, 25 and e z is the unit vector along the SiNW axis. 
B. Confined phonon dispersion
As described in our previous work, 5 in order to obtain confined acoustic phonon dispersion, we consider SiNWs embedded within a circular phonon box of radius r. Dispersion relationship for a coupled axial-radial dilatational mode for a FSBC is obtained from the elastic wave equation and given by the Pochhammer-Chree equation
where r is the radius of the phonon box, q is the phonon wave vector along axis of the SiNW, and J 0 and J 1 are Bessel functions of the first kind. For a given axial wave vector q we find the lowest 15 modes for energy n ͑q͒. The values of k l and k t that correspond to n ͑q͒ are represented by k l,n and k t,n . n ͑q͒, k l,n , and k t,n are related by k l,n 2 = n 2 / l 2 − q 2 and k t,n 2 = n 2 / t 2 − q 2 . represents the acoustic velocity with subscripts t and l standing for transverse and longitudinal, respectively. We take t = 5.5ϫ 10 5 cm/ s and l = 9.01 ϫ 10 5 cm/ s. In the limit of a large radius r, we approach bulk acoustic phonon dispersion. For the case of a CSBC, the confined acoustic phonon dispersion becomes
The relationship between n ͑q͒, k l,n , and k t,n are the same as discussed above. The above equations can be solved numerically to obtain n ͑q͒. Figure 4 shows the dilatational phonon dispersion for the 2.47 nm diameter ͓110͔ SiNW using the FSBC and CSBC equations. As can be seen from the figure, clamping the boundary results in the disappearance of the nearly linear phonon mode. This in turn results in an increase in carrier mobility as has been reported in Ref. 27 .
The atomic displacements due to the above acoustic phonons are given by
where A n = r / 2 ͱ ͓ប / V n ͑q͒␥ n ͔, and
The ratio ␤ n is given as
, for FSBC, and
and the constant A n is obtained through normalization of the phonon modes 28 as
͑7͒
C. Momentum relaxation rates
The charge scattering rates due to phonons are calculated from Fermi's golden rule and deformation potential approximation 29 as
where k z and k z Ј are the initial and final crystal momenta, respectively, N ͉q ͉ is the phonon equilibrium Bose-Einstein occupation number, and are initial and final subbands, respectively, ␦ is the Dirac delta function, and q is the phonon wave vector. q = ͑q t , q͒, where q is the axial phonon wave vector and q t is the projection of q onto the confine- ment plane, and − / + corresponds to phonon absorption/ emission.
The charge-phonon interaction Hamiltonian in case of bulk phonons in second quantized form is given by
where a q and a −q † are phonon annihilation and creation operators, respectively, E a is the deformation potential, is the SiNW mass density, V is the volume of the SiNW, ͉͑q ͉͒ is the phonon frequency, and ͉q ͉ = ͱ q 2 + q t 2 . Utilizing the electron wave functions within the TB scheme given by Eq. ͑1͒, the matrix element in Eq. ͑8͒ becomes
where ␦ is the Kronecker delta function and
In deriving Eq. ͑10͒ it is assumed that the coupling between non-neighboring unit cells is insignificant compared to neighboring unit cells. Also,
We take integrals between orbitals: ͑i͒ of different type on the same atom and ͑ii͒ on different atoms to be zero. In addition, terms of the form ͐ m * ͑r − m Ј ͒e iq͑r− m ͒ m ͑r − m ͒d 3 r are taken to be unity. This is a reasonable approximation when 2 / q is much larger than the span of orbital m. As a result, Eq. ͑10͒ reduces to
where S is the overlap factor that indicates momentum conservation in the confined direction and is given by
Once the matrix elements are computed one can compute the momentum relaxation rates. In the case of bulk acoustic phonons, as the length of the SiNW increases, the number of phonon modes approaches infinity. In this case sum over phonon modes becomes an integration,
Bulk acoustic phonon dispersion is taken to be linear within the Debye approximation, with a dispersion ͉͑q ͉͒ = l ͉q ͉ , where longitudinal sound velocity is given above. With the aid of Dirac delta function and the discrete momentum conserving delta function along the SiNW axis one obtains the carrier momentum relaxation rates from initial subband to final subband as
where ⌬E , = E v ͑k z Ј͒ − E ͑k z ͒ is the energy difference between initial and final subbands, and , respectively.
The bulk Debye energy E D = 55 meV ͑Ref. 30͒ is utilized to define the domain of integration ⍀. In obtaining the above momentum relaxation rates prescription we have neglected Umklapp processes. The overlap factor is given by While the overlap factor prescription ͑15͒ holds in general for any number of subbands, it can be further simplified for intrasubband electron scattering for the first conduction subband
where we have used
where m and z m are the radial and axial locations of the atom m in cylindrical coordinates. Note that the second term of the right hand side of Eq. ͑17͒ does not contribute to Eq. ͑16͒ because the first conduction subband state is symmetric with respect to m . As the cos͑n m ͒ terms contribute to higher order modes, one should use Eq. ͑15͒ instead of Eq. ͑16͒ when occupancy in subbands two and higher becomes substantial.
For confined acoustic phonons, the charge-phonon interaction Hamiltonian is given as
The matrix element can be obtained by using a similar procedure followed for the bulk scattering case discussed above where S , ͑q͒ is given by Eq. ͑16͒, but with q t replaced by k l,n . Using this and utilizing the transformation ͚ k z Ј →L / 2͐dq, one can then obtain the carrier momentum relaxation rates from confined acoustic phonons as
with
and
where JDOS ͑q , k , q p ͒ = ͉Ϯ‫͓ץ‬E ͑k z Ϯ q p ͒ Ϯប n ͑q p ͔͒ / ‫ץ‬q͉ −1 is the charge-phonon joint density of states, n indicates a summation over phonon modes, p indicates summation over the roots of the equation E v ͑k z Ј͒ − E ͑k z ͒ Ϯប n ͑q͒ = 0, which are represented by q p above, and first + / − in JDOS corresponds to forward/backward scattering and second + / − corresponds to emission/absorption of a phonon. Given the nature of the confined dilatational acoustic phonons considered in our model, the above prescription for scattering through confined acoustic phonons is limited to intrasubband scattering.
For charge scattering through optical phonons, we have considered a bulk dispersionless optical phonon with E op = 63 meV. 32 We have also utilized a scalar approximation for optical deformation potential, where the two transverse optical and the one longitudinal optical modes are taken into account. Although it has been mentioned that the scalar approximation is not accurate, 33 its utilization is however found to be widespread and to give results for mobility within 3% agreement with more detailed Monte Carlo simulations that take into account full symmetry of deformation potential. 34 The SiNW electron and hole momentum relaxation rates due to bulk optical phonons are given by
where q p is the solution of E ͑k z Ϯ q p ͒ − E ͑k z ͒ Ϯប 0 =0, j = a , em indicates summation over phonon absorption or emission where possible, which includes both forward and backward transitions, DOS ,p is the density of states in final subband with the transition q p , and q c Ϸ͑1.9 / a͒ is used as an effective cut-off radius to emulate the projection of the BZ of bulk Si onto the confinement plane, much like the Debye approximation for bulk acoustic phonon scattering used above. In computing the momentum relaxation rates using equations mentioned in this section, the following are specifically discussed:
͑a͒ Electron-confined phonon acoustic intrasubband momentum relaxation rates for FSBC and CSBC for ͓110͔ and ͓100͔ SiNWs, ͑b͒ Electron-bulk acoustic phonon inter-and intrasubband momentum relaxation rates for ͓110͔ SiNWs, and ͑c͒ Hole-bulk optical phonon inter-and intrasubband momentum relaxation rates for ͓110͔ SiNWs.
Confined dilatational acoustic phonon modes are not sufficient to describe intersubband scattering and therefore intersubband scattering due to confined acoustic phonons are not discussed. Similarly, while hole intrasubband scattering due to confined optical phonons has been discussed elsewhere, 20 our calculations here show that intersubband scattering is important in these dimensionally reduced structures. This is because the percentage of equilibrium hole occupancy is non-negligible in the second and third valence subbands for ͓110͔ SiNWs at 300K, as shown in Table I . Therefore, for a justifiable comparative analysis with hole-bulk acoustic phonon scattering, we consider hole-bulk optical phonon scattering that includes intersubband scattering. It is also necessary to point out that we assume that optical phonons are not effective in causing scattering of electrons in the conduction subbands. The justification for this stems from the fact that the deformation potential for intravalley scattering in bulk silicon due to optical phonons is assumed to be zero 7 ͑this is strictly valid only for the zero order term as shown in Ref.
35͒. The deformation potential for optical phonon scattering between valleys is usually assumed to be nonzero in bulk Si. 7 However for the SiNW with a diameter of 2.47 nm, the electron occupancy in the second conduction subband is small, as can be seen in Table II , and electron scattering due to optical phonons may be neglected for this SiNW. For the largest diameter SiNW considered, the occupancy of the second subband is about 34%. While neglecting electron scattering due to optical phonons between subbands 1 and 2 is questionable for this SiNW, we admit the neglect of this process and point that the electron mobility at room temperature is slightly overestimated for the 3.1 nm diameter SiNW. For larger diameter SiNWs, optical phonon scattering between subbands should be more carefully considered in future. The main point is that in spite of the overestimation of the electron mobility for the 3.1 nm diameter SiNW, the hole mobility, which is more accurate, is large.
Figures 5͑a͒ and 5͑b͒ depict total electron-acoustic phonon momentum relaxation rates at 300K for the lowest conduction subband for ͓110͔ SiNWs with diameters 1.27 and 2.47 nm, respectively. Three cases are consideredphonons confined in a box with a radius similar to the SiNW, phonons confined in a large 32 nm box, and bulk phonons. In calculating the momentum relaxation rates in Fig. 5 , a value of 9.5 eV is used for the deformation potential. 29 As mentioned above, while momentum relaxation rates in Fig. 5 due to confined phonons are restricted to intrasubband transitions, intersubband transitions are considered in scattering due to bulk phonons. As can be seen, the large phonon box results very closely to resemble bulk phonon results, and provide verification for our bulk phonon scattering calculations. Moreover, as the SiNW diameter increases, the momentum relaxation rates difference between the equivalent radius phonon box and bulk phonons decreases. Peaks in the momentum relaxation rates due to confined phonons correspond to an electron transition to near the bottom of the subband after phonon emission. In the case of a phonon box of equivalent radius, there are relatively smaller numbers of phonon modes, resulting in a limited number of momentum relaxation rates peaks. However for a 32 nm phonon box, the modes are significantly numerous, resulting in an equally larger number of momentum relaxation rate peaks closely spaced together. As one approaches the limit of a bulk phonon, this results in a quasicontinuum of peaks resulting in broad maxima.
Figures 6͑a͒ and 6͑b͒ depict hole-bulk acoustic and optical phonon momentum relaxation rates for ͓110͔ SiNWs with diameters 1.27 and 2.47 nm, respectively, for the highest valence subband. In computing the momentum relaxation rates for Fig. 6 , an acoustic deformation potential value of 5 eV ͑Ref. 7͒ was used, and an optical deformation potential value of 13.24 eV/cm ͑Ref. 34͒ was used. As can be seen, hole-optical phonon scattering is significantly high at 300K, and strongly influences hole mobility. For the 1.27 nm SiNW, the first peak in the momentum relaxation rates due to ͑a͒ Lowest conduction subband electron-phonon momentum relaxation rates for a 1.27 nm diameter ͓110͔ SiNW. Intrasubband momentum relaxation rates from confined phonons are depicted, while intrasubband and intersubband rates from bulk phonons are depicted. ͑b͒ Lowest conduction subband electron-phonon momentum relaxation rates for a 2.47 nm diameter ͓110͔ SiNW. Intrasubband momentum relaxation rates from confined phonons are depicted, while intrasubband and intersubband rates from bulk phonons are depicted.
optical phonons corresponds to emission to the top of first valence band, while higher peaks correspond to absorption and emission to lower subbands. For the 2.47 nm SiNW, the situation is somewhat different, although broadly similar. The first peak corresponds to a hole transition to the third valence band by phonon absorption. The second peak is in effect two closely spaced peaks that correspond to hole transitions to the top of the first and second subbands. The two peaks are closely spaced because in this SiNW, the first and second valence subbands are nearly degenerate with a separation of approximately 1 meV at the k z = 0 point. Higher energy peaks correspond to absorption and emission into lower subbands. Figure 7 shows electron momentum relaxation rates from acoustic phonons in case of CSBC for two different diameters of ͓110͔ SiNW. Just as in the FSBC, different peaks correspond to different phonon modes. One can also see from the figure that momentum relaxation rates are relatively strongly influenced by higher confined phonon n =3 mode. This is attributed to stronger interaction ٌ • u ͓Eq. ͑18͔͒, and is further illustrated in Fig. 8 . Phonon modes greater than n = 3 result in lower scattering, and play a smaller role in determining low-field mobility because of the high energy, and are therefore not depicted in Fig. 7 .
III. MOBILITY
Electron and hole low-field mobility values are estimated based on momentum relaxation time approximation ͑MRTA͒ and given by = 1
where n i is the charge carrier population in subband i, and 
for each subband i, where
. E i is the electron/hole energy in subband i, measured with respect to the lowest/highest conduction/valence subband. An approximation in Eq. ͑24͒ is the use of effective mass of each subband at the band extrema. As a result, while the bandstructure is included in calculating scattering rates, it is not fully included in the calculation of the mobility. Future work will consider expressions for mobility which do not make this approximation. Figure 9 depicts acoustic phonon limited electron lowfield mobility versus diameter for ͓100͔ SiNWs at 300K for FSBC and CSBC as well as for bulk phonons, and low-field mobility in case of CSBC for ͓110͔ SiNWs. Comparing Fig.  9 with Ref. 5, one can clearly see that electron low-field mobility for ͓100͔ SiNWs is significantly lower than that of ͓110͔ SiNWs for all diameters considered. This is predominantly because of the relatively higher electron effective mass in ͓100͔ SiNWs compared to the ͓110͔ SiNWs. Also, one can see in Fig. 9 that in case of ͓110͔ SiNWs, CSBC results in almost no diameter dependence of electron lowfield mobility. This may be understood in terms of the momentum relaxation rates depicted in Fig. 7 , and discussed in Sec. II C. As can be seen, at low electron energies, which determine low-field mobility, there is a relatively smaller influence of the SiNW diameter on momentum relaxation rates compared to higher energies. However, for the ͓100͔ SiNWs, there is a comparatively greater diameter dependence of the low-field mobility for CSBC. This is attributed to a relatively large change in electron effective mass with respect to diameter for the ͓100͔ SiNWs compared to ͓110͔ SiNWs, as discussed in Sec. II A. Figure 10 depicts hole low-field mobility versus ͓110͔ SiNW diameter for bulk acoustic phonons and total ͑acoustic+ optical͒ phonons at 77 and 300K. The top three valence subbands are included in computing the hole mobility. Since deformation potential values vary somewhat in published literature, two different sets of deformation potential for hole acoustic and optical scattering are considered in Fig. 10 . Set 1 from Ref. 34 has an acoustic deformation potential of 5.39 eV and an optical deformation potential of 13.24 eV/cm. Set 2 from Ref. 36 has an acoustic deformation potential of 5.0 eV and an optical deformation potential of 10.5 eV/cm. The difference in the hole mobility from the two sets is approximately 35% at 300K, and reduces to approximately 16% at 77K. This is primarily due to the negligible role of optical phonons in influencing low-field mobility at lower temperatures. At room temperature however, optical phonons reduce the mobility by as much as 50% in all the SiNWs considered for the two sets of deformation potential. As mentioned in Ref. 34 for bulk Si, the most accurate deformation potential values for these SiNWs may finally be obtained by comparing mobility with experimental data, which at this time are sparse. Irrespective of the deformation potential values set however, it can be seen in Fig. 10 that room temperature hole mobility is significantly higher than bulk silicon hole mobility of ϳ450 cm 2 / V s, 34 for the larger diameter SiNWs. At lower temperatures, however, this advantage in mobility over bulk silicon is lost.
For comparison purpose we have also evaluated electron and hole low-field mobility using relaxation time approximation ͑RTA͒. Table III provides a comparison between MRTA and RTA for the electron low-field mobility for confined and bulk acoustic phonons for freestanding ͓110͔ SiNWs. The degree of anisotropy in the electron scattering can be gauged by comparing mobility based on the two approximations. If both mobility values are equal, this would suggest that we have an isotropic scattering. As can be seen in Table III , there is a small degree of anisotropy that is seen to decrease with diameter. With a further increase in diameter one may expect the scattering to become isotropic. As can also be seen from Table III as one takes larger diameter SiNWs, the difference between mobility due to confined and bulk acoustic phonons decreases. This is because of the reduced importance of phonon confinement at larger diameters, where higher confined phonon modes start to play a significant role as can be seen from the momentum relaxation rates in Fig. 5 . While the first confined mode, which is linear, causes only backscattering ͑except at very low electron energies͒, higher modes result in both forward and backscattering as is in the case for bulk phonons. It may also be expected that the difference in mobility due to bulk and confined phonons may go down further with a further increase in diameter, and bulk phonons may be a relatively good approximation for some of the larger diameter freestanding SiNWs.
IV. SUMMARY
We have performed a comparative investigation of charge carrier-phonon interaction in ͓110͔ and ͓100͔ SiNWs ranging in diameter from 1 to 3 nm. The band structure has been obtained using a sp 3 d 5 s * TB scheme. Various phonons, bulk acoustic and optical, as well as confined acoustic phonons under FSBC and CSBC are considered. Momentum relaxation rates have been obtained using Fermi's golden rule and deformation potential approximation. In computing the momentum relaxation rates, TB electron and hole wave functions are utilized. Low-field mobility has also been computed using MRTA and RTA. ͓110͔ SiNWs are seen to have higher carrier mobility than ͓100͔ SiNWs because of the difference in effective mass. It is also found that while optical phonon scattering influences hole low-field mobility for the ͓110͔ SiNWs at room temperature, the total hole mobility is still higher than electron and bulk silicon hole mobility.
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